Rules for integrands of the form u Hyper[d (a + bLog[c x"]) 1P

1, jusinh[d (a+bLog[cx"])] ax
1. Jsinh[d (a+blLog[cx"]) ] dx

1: |sinh[bLog[cx"]]® dx

Derivation: Algebraic simplification

s 1 b_ 1
Basis: Sinh[b Log[cXx"]] = 5 (cx")® - 2 (cxM)b

- . 1 b, 1
Basis: Cosh[b Log[cXx"]] = 5 (cx")°+ 2 (cxn)P
Rule:

p
dx

Jsinh[b Log[cx"]]Pdx — J[ (e )2(")" - =

2 (cx")

b

Program code:
Int[Sinh[b_.xLog[c_.*x_"n_.]1]1"p_.,x_Symbol] :=
Int[ ((c*x*n)”b/2 - 1/ (2% (c*x”n)”"b)) " p,x] /;
FreeQ[c,x] && RationalQ[b,n,p]
Int[Cosh[b_.xLog[c_.*x_“n_.]]17p_.,x_Symbol] :=

Int[ ((c*x*n)”b/2 + 1/ (2% (c*x”n)” b)) p,x] /;
FreeQ[c,x] && RationalQ[b,n,p]

1. Jsinh[d (a+blog[cx"])]?dx whenpez* A b>d*n’p’>-1+#80

1: |Sinh[d (a+blog[cx"])] dx when b>d*n*-1+#0

Rule: If b2d?n? -1 # 0, then



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

xSinh[d (a+blog[cx"])] bdnxCosh[d (a+bLog[cx"])]
b2d’n2-1 ' b2d?’n?2-1

Jsinh[d (a+blLog[cx"])] dx — -

Program code:

Int[Sinh[d_.x(a_.+b_.*Log[c_.*x_"n_.])],x_Symbol] :
-X*Sinh [d* (a+bxLog[c*Xx”n]) ]/(b"z*d"z*n"Z—l) +
bxdxn*xxCosh[d* (a+bxLog[c*x"n]) ]/ (b*2xd*2xn*2-1) /;

FreeQ[{a,b,c,d,n},x] && NeQ[b”2xd"2xn"2-1,0]

Int[Cosh[d_.*(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol]
-xxCosh[d* (a+bxLog[c*x”*n]) ]/ (b*2xd*2xn"2-1) +
bxdxnxxxSinh[dx (a+bxLog[cxx"n])]/ (b 2xd"2xn"2-1) /;

FreeQ[{a,b,c,d,n},x] && NeQ[b”2xd"2xn"2-1,0]

2: |[sinh[d (a+blog[cx"])]?dx whenp-1ez*A b*d*n’p’-1+0

Rule:lf p-1ez* A b>d?>n?p? -1 +0,then

Jsinh[d (a+bLog[cx"])]ax —

xSinh[d (a+bLlog[cx"])]® bdnpxCosh[d (a+bLog[cx"])]Sinh[d (a+bLog[cx"])]"" b2d?n?p (p-1)
) b2d?n?p?-1 ' b2d?n?p?-1 ) b2d?n?p?-1

jsinh [d (a+bLog[cx"]) ]""2 dx

Program code:

Int[Sinh[d_.*(a_.+b_.*Log[c_.*x_"n_.])]1"p_,x_Symbol] :=
-x*Sinh[dx (a+bxLog[c*xx"n]) ] "p/(b"Z*d"Z*n"Z*p"2—1) +
bxdxnxpxx*Cosh[dx (a+bxLog[c*x”n]) ] *Sinh[d* (a+bxLog[c*x"n]) 1" (p—1)/(b"2*d"2*n"2*p"2—1) -
br2xd"2xn"2xpx (p-1) / (b*2%d"2xn"2xp~2-1) +Int [Sinh [d« (a+bxLog[cxx"n]) 1" (p-2),x]| /;
FreeQ[{a,b,c,d,n},x] && IGtQ[p,1] && NeQ[b 2xd*2xn*2xp2-1,0]



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p
Int[Cosh[d_.*(a_.+b_.xLog[c_.*x_"n_.])]1"p_,x_Symbol] :=
-x*Cosh [dx (a+bxLog[c*xx*n]) ]*p/ (b*2xd"2xn*2xp"2-1) +
bxdxnxpxx*xCosh[dx (a+bxLog[c*x”n]) ]~ (p-1) *Sinh[d* (a+bxLog[c*Xx"n]) ]/(b"z*d"z*n"z*p"Z—l) +

b"2%xd”*2xn*2xp* (p-1) / (b~*2xd*2xn"2xp~2-1) *Int [Cosh[d* (a+bxLog[c*x"*n]) ]~ (p-2),X] /;
FreeQ[{a,b,c,d,n},x] && IGtQ[p,1] && NeQ[b”2xd"2xn"2xp~2-1,0]

2. Jsinh [d (a+blLog[x])]1Pdx

1: [Sinh[d (a+blLog[x])]1Pdx whenpez* A b>d?p?2-1=-0

Derivation: Algebraic expansion

2P bP dP pP

Basis: If b? d? pz -1==0 A pe Z, then Sinh|[d (a+bLog[x])]p == - (—e‘abdsz'§+eabdsz§)p

Basis: If b2d?p?2-1-=29 A pe Z,then cosh[d (a+bLog[x])]? = % eb®p x5 4 eabp ;)"
P p

2P

Note: The above identities need to be formally derived, and possibly the domain of p expanded.

Rule:If p e z* A b?2d? p?2 -1 == 9, then
1

JSinh[d (a+blLlog[x])]1Pdx —» ——
2P bP dP pP

1 1 p
jExpandIntegr‘and [ (—e‘a bd*p x5 4 @20 d°P xF) s x] dx

Program code:

Int[Sinh[d_.*(a_.+b_.*Log[x_])1"p_.,x_Symbol] :=
1/ (2”°p*xb”pxd*pxp~p) *Int [ExpandIntegrand[ (-E” (-axbxd”2xp) xx* (-1/p) +E” (axb*xd”2xp) *x* (1/p) ) *p,Xx],X] /;
FreeQ[{a,b,d},x] &% IGtQ[p,0] && EqQ[b"2xd*2xp”~2-1,0]

Int[Cosh[d_.x(a_.+b_.*xLog[x_])]1”p_.,x_Symbol] :=
1/27pxInt [ExpandIntegrand[ (E” (-axbxd*2xp) *x”* (-1/p) +E~ (axbxd”2xp) *x" (1/p) ) *p,X],X] /;
FreeQ[{a,b,d},x] &% IGtQ[p,0] && EqQ[b"2xd*2xp~2-1,0]



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

X: J-Sinh[d (a+blLog[x])1Pdx when pez

Derivation: Algebraic expansion

Basis: sinh[d (a+bLog[x])] = £ x4 (1 e-224x20¢)

Basis: Cosh[d (a+bLog[x])] = %xbd (1+e22dx-2bd)

Rule: If p € Z, then

eadp

Js:‘mh[d (a+blog[x])1Pdx — bedp (1-e229x229) P ax

Program code:
(» Int[Sinh[d_.x(a_.+b_.xLog[x_])]"p_.,x_Symbol] :=
E~ (axdxp) /27p*xInt [X” (bxdxp) * (1-1/ (E” (2*xa*d) *x” (2xbxd) ) ) *p,x] /;

FreeQ[{a,b,d},x] && IntegerQ[p] =*)

(* Int[Cosh[d_.x(a_.+b_.*xLog[x_])]1”p_.,x_Symbol] :=
E~ (axdxp) /27p*xInt [X” (bxdxp) * (1+1/ (E~ (2%xa*d) *x” (2xbxd) ) ) *p,x] /;
FreeQ[{a,b,d},x] && IntegerQ[p] =*)

2: |Sinh[d (a+bLog[x])]Pdx whenp¢z

Derivation: Piecewise constant extraction

. . . p
BaSIS. Ay Sinh[d (a+blog[x])] =0

dep (1_e—lad x—Zbd)P

. »
BaSIS. Ay Cosh[d (a+blog[x])] =0

dep (1+e—ladx—2bd)P

Rule: If p ¢ Z, then



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

Sinh[d (a+bLog[x])]P

xbdp (1_e-23dx-2bd)P

Jsinh[d (a+bLlog[x])]Pdx — fxbdp (1-e??x2*%)Pax

Program code:

Int[Sinh[d_.*(a_.+b_.xLog[x_])1"p_,x_Symbol] :=
Sinh[d*(a+b*Log[x])]Ap/(xA(b*d*p)*(l—l/(EA(Z*a*d)*xA(z*b*d)))Ap)*
Int [X~ (bxdxp) * (1-1/ (EA (2%axd) x~ (2xbxd) ) ) ~p,x] /;
FreeQ[{a,b,d,p},x] &% Not[IntegerQ[p]]

Int[Cosh[d_.*(a_.+b_.xLog[x_])]1”p_,Xx_Symbol] :=
Cosh[dx (a+bxLog[x]) 17p/ (X~ (bxd*p) * (1+1/ (E” (2%a*d) *x”* (2xbxd) ) ) ~p) *
Int [x” (bxdxp) * (1+1/ (E~ (2*xa*d) *x” (2xbxd) ) ) *p,x] /;
FreeQ[{a,b,d,p},x] && Not[IntegerQ[p]]

3: [sinh[d (a+bLlog[cx"])]"dx

Derivation: Piecewise constant extraction and integration by substitution

Basis: s, e = O

Basis; £l . 2 Subst [ FXL, x, ¢ x"] 8, (cx")
X n X

Rule:

X J-(cxn)l/nsinh[d (a+bL0g[an])]pdlx

(C Xn)lln

Jsinh[d (a+bLog[cx"])]"ax — -

_x 1/n-1 ¢ 5 p n
— Subst[ X Sinh[d (a+bLog[x])]"”dx, X, cXx
n(c x“)l/n

Int[Sinh[d_.*(a_.+b_.*Log[c_.*x_"n_.])]1"p_.,x_Symbol] :=
X/ (n% (C#x”n) ~ (1/n) ) #Subst [Int [x" (1/n-1) *Sinh[dx (a+bxLog[x]) 1"p,X],X,c*x"n] /;
FreeQ[{a,b,c,d,n,p},x] && (NeQ[c,1] || NeQ[n,1])



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

Int[Cosh[d_.x(a_.+b_.xLog[c_.*x_"n_.])]1"p_.,x_Symbol] :=
X/ (N* (c*x”n)~ (1/n) ) *Subst [Int [x”* (1/n-1) xCosh[d* (a+bxLog[x]) ]1*p,X],X,CxXx*n] /;

FreeQ[{a,b,c,d,n,p},x] && (NeQ[c,1] || NeQ[n,1])

2. j(ex)'“sinh[d (a+blLog[cx"])]?ax
1. J(ex)msinh[d (a+blog[cx"])]"dx whenpez* A b>d>n*p*>- (m+1)2#0
1: J(ex)msinh[d (a+bLog[cx"])] dx when b?>d*n*- (m+1)2#0
Rule: If b>d?n? - (m+1)2 # 0, then

1 m1sinh(d bL n bd ™1 Cosh[d bL n
j(ex)msinh[d (a+blog[cx])] dx — _(m+ ) (ex) inh[d (a+blLog[cx"])] . n (e x) osh[d (a+blLog[cx"])]
b2d’en?-e (m+1)2 b2d’en?-e (m+1)2

Program code:

Int[(e_.#x_)"m_.#Sinh[d_.*(a_.+b_.*Log[c_.*x_"n_.])],x_Symbol] :=
- (M+1) % (exx) ~ (m+1) *Sinh [dx (a+bxLog[cxx~n]) ]/(b"z*d"z*e*n"Z—e* (m+1) ~2) +
bxdxn* (exx)~ (m+1) *xCosh[dx (a+bxLog[c*x*n]) ]/ (b"2xd*2xexn"2-ex (m+1)"2) /;
FreeQ[{a,b,c,d,e,m,n},x] && NeQ[b” 2+d"*2xn"2-(m+1)~"2,0]
Int[(e_.*x_)”"m_.xCosh[d_.x(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol] :=
- (m+1) * (exx) ~ (m+1) xCosh[d* (a+bxLog[c*x*n]) ]/ (b*2xd*2xexn"2-e* (m+1)*2) +
bxdxnx (exx) ~ (m+1) *Sinh[d* (a+bxLog[c*x"n]) ]/(b"z*d"z*e*n"Z—e* (m+1)~2) /;
FreeQ[{a,b,c,d,e,m,n},x] && NeQ[b”"2xd"*2xn"2- (m+1)~"2,0]

2: J(ex)’"sinh[d (a+blog[cx"])]°dx whenp-1ez*A b2d*n’p?- (m+1)2#0

Rule:if p-1ez*A b?2d?>n?p?- (m+1)2 # 0, then

J(ex)"‘sinh[d (a+blog[cx"])]?dx —



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

(m+1) (ex)™!sinh[d (a+bLog[cx"])]® bdnp (ex)™* Cosh[d (a+bLog[cx"])] Sinh[d (a+bLog[cx"]):|'°'1
+ _

) b’d?’en?p?-e (m+1)2 b’d?’en?p?-e (m+1)?
b2d?n%p (p-1)
b2d?n?p?- (m+1)2

J(e x)"Sinh[d (a+bLog[cx"]) ]p—Z dx

Program code:

Int[(e_.*x_)"m_.*Sinh[d_.x(a_.+b_.xLog[c_.+x_"n_.])]"p_,x_Symbol] :=
- (M+1) % (exx) ~ (m+1) *Sinh [dx (a+bxLog[c*xx”~n]) ]"p/(b"2*d"2*e*n"2*p"2—e* (m+1)~2) +
bxdxnxpx (exx) ~ (m+1) xCosh[d* (a+bxLog[c*x*n]) ] *Sinh[dx (a+bxLog[cxx"n]) ]~ (p—1)/(b"2*d"2*e*n"2*p"2-e* (m+1) ~2) -
b”2xd*2xn"2xp* (p-1) / (bA"2%xd*2xn"*2xp"2- (M+1) ~2) *Int[ (exx) “mxSinh[d* (a+bxLog[c*x"n]) 1~ (p-2) ,x] /5
FreeQ[{a,b,c,d,e,m,n},x] & IGtQ[p,1] && NeQ[b”"2xd*2xn"2xp"2- (m+1)~2,0]

Int[(e_.*x_)"m_.xCosh[d_.x(a_.+b_.xLog[c_.*x_"n_.])]1"p_,Xx_Symbol] :=
- (m+1) % (exx) ~ (m+1) xCosh[d* (a+bxLog[c*x*n]) ]*p/ (b*2xd*2xexn*2xp~2-e* (m+1) *2) +
bxdxnxpx (exx)~ (m+1) *Sinh[d* (a+bxLog[c*x”*n]) ] *xCosh[dx (a+bxLog[cxx"n]) ]~ (p-1) / (b*"2xd*2xexn*2xp"2-e* (M+1)*2) +
b”2xd*2xn"2xp* (p-1) / (b*2%d*2xn*2xp"2- (M+1) *2) *Int [ (exx) “mxCosh[d* (a+bxLog[c*x*n]) ]*(p-2),X] /;
FreeQ[{a,b,c,d,e,m,n},x] & IGtQ[p,1] && NeQ[b"2xd*2xn"2xp"2- (m+1)~2,0]



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

2. J-(ex)"‘sinh[d (a+blog[x])]Pdx

1: J(ex)"‘sinh[d (a+blLog[x])1Pdx whenpez* A b>d?’p?- (m+1)2:=20

Derivation: Algebraic expansion

_abd’p mel abd?p  ml

Basis: If b2 d? p?2 - (m+1)2 =0 A p € Z,then sinh[d (a+bLog[x])]” = -Et (—e v X b +@ wa xT]p

2P bP dP pP

Basis: If b2d? p? - (m+1)2==0 A p € Z,then Cosh[d (a+blog[x])]® == & (e'azip N x?)p

Note: The above identities need to be formally derived, and possibly the domain of p expanded.

Rule:lif pez* A b2d?p?2- (m+1)2 == 0,then

(m+1)P
2P bP dP pP

abd?p m+l abd?p  mil

p
j(e x)"Sinh[d (a+blog[x])]Pdx — jExpandIntegrand[(e x)" (-e‘—m X 7 +e mi xT) R x] dx

Program code:

Int[(e_.*x_)"m_.%Sinh[d_.*(a_.+b_.xLog[x_])1"p_.,x_Symbol] :=
(m+1) *p/ (2"pxb”p*d”p*p”p) *
Int [ExpandIntegrand[ (exx) “m% (-E” (-a*bxd*2xp/ (m+1) ) *x” (- (m+1) /p) +E” (axbxd”*2xp/ (m+1) ) *x* ( (m+1) /p) ) *p,x],X] /;
FreeQ[{a,b,d,e,m},x] && IGtQ[p,0] && EqQ[b”2xd"2xp"2- (m+1)~2,0]

Int[(e_.*x_)"m_.xCosh[d_.*(a_.+b_.xLog[x_])]1”p_.,x_Symbol] :=
1/2~pxInt [ExpandIntegrand[ (e*x) “mx (E* (-axbxd”2xp/ (m+1) ) *x* (- (m+1) /p) +E* (axbxd*2xp/ (m+1) ) *x* ( (m+1) /p) ) *p,X],Xx] /;
FreeQ[{a,b,d,e,m},x] && IGtQ[p,0] && EqQ[b”2xd"2xp"2- (m+1)~2,0]



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

X: J-(ex)’"sinh[d (a+blLog[x])]1°dx when pez

Derivation: Algebraic expansion

Basis: sinh[d (a+bLog[x])] = £ x4 (1 e-224x20¢)

Basis: Cosh[d (a+bLog[x])] = %xbd (1+e22dx-2bd)

Rule: If p € Z, then

eadp

J(ex)’"sinh[d (a+blog[x])1Pdx — J(ex)’"xbdp (1-e?29x229)Pax

Program code:
(» Int[(e_.*x_)"m_.+Sinh[d_.(a_.+b_.xLog[x_])]1"p_.,x_Symbol] :=
E~ (axdxp) /2”p*xInt [ (exX) *mxx” (bxd*p) » (1-1/ (E* (2*axd) x*x~ (2xbxd) ) ) *p,x] /;

FreeQ[{a,b,d,e,m},x] & & IntegerQ[p] =*)

(* Int[(e_.*x_)"m_.xCosh[d_.x(a_.+b_.xLog[x_])1”p_.,x_Symbol] :=
E~ (axdxp) /27p*xInt [ (exXx) *mxx” (bxd*p) x (1+1/ (E~ (2*axd) *x~ (2xbxd) ) ) *p,x] /;
FreeQ[{a,b,d,e,m},x] & & IntegerQ[p] =*)

2: j(ex)’“sinh[d (a+blLlog[x])]1°dx whenp¢z

Derivation: Piecewise constant extraction

. . . p
BaSIS. Ay Sinh[d (a+blog[x])] =0

dep (1_e—lad x—Zbd)P

. »
BaSIS. Ay Cosh[d (a+blog[x])] =0

dep (1+e—ladx—2bd)P

Rule: If p ¢ Z, then



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

Sinh[d bL P
J(ex)"‘Sinh[d (a+blLog[x])]1°Pdx — Amhic (a+>logix])] f(ex)'“ bdp

X (l—e'zadx'“d)pd]x
xbdp (1_e-23dx-2bd)P

Program code:

Int[(e_.*x_)"m_.+Sinh[d_.x(a_.+b_.*Log[x_])]1"p_,x_Symbol] :=
Sinh[d*(a+b*Log[x])]Ap/(xA(b*d*p)*(l—l/(EA(Z*a*d)*xA(z*b*d)))Ap)*
Int[ (exXx) *mxx” (bxdxp) * (1-1/ (E~ (2%axd) *x” (2xbxd) ) ) *p,x] /;
FreeQ[{a,b,d,e,m,p},x] &% Not[IntegerQ[p]]

Int[(e_.*x_)”~m_.xCosh[d_.x(a_.+b_.xLog[x_])]”p_,Xx_Symbol] :=
Cosh[dx (a+bxLog[x]) 17p/ (X" (bxd*p) * (1+1/ (E~ (2xa*d) X~ (2xbxd) ) ) ~p) *
Int[ (e*x)"m*x” (bxd*p) * (1+1/ (E* (2*axd) *x”~ (2xbxd) ) ) *p,x] /;
FreeQ[{a,b,d,e,m,p},x] &% Not[IntegerQ[p]]

3: J(ex)msinh[d (a+blLog[cx"])]" ax

Derivation: Piecewise constant extraction and integration by substitution

Basis: s, e = O

Basis; £l . 2 Subst [ FXL, x, ¢ x"] 8, (cx")
X n X

Rule:

(e x)™? J(cx")(m"l)/"sinh[d (a+bLog[cx"])]pd]
X

J(ex)msinh[d (a+bLog[cx"])]Pax — ) o

e X

e X m+1
(ex) Subst[J}(”“)”“lsinh[d(a-rbLog[x])]pdx,x, cx"]
en (C Xn) (m+1) /n
Int[(e_.*x_)"m_.*Sinh[d_.*(a_.+b_.xLog[c_.#x_"n_.])]"p_.,x_Symbol] :=
(e%X) " (m+1) / (exnx (Cxx™n) A ((m+1) /n)) »Subst[Int[x” ((m+1) /n-1) +Sinh[dx (a+bxLog[x])]1"p,X],X,c*x n] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & (NeQ[c,1] || NeQ[n,1])
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Int[(e_.*x_)”"m_.xCosh[d_.*(a_.+b_.xLog[c_.*x_"n_.])1”p_.,x_Symbol]
(exx)~ (m+1) / (exnx (c*xx”n)~ ((m+1) /n) ) *Subst [Int [x" ( (m+1) /n-1) xCosh[d* (a+bxLog[x]) ]*p,X],X,C*xXx*n] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & (NeQ[c,1] || NeQ[n,1])

3: J(h (e+flLog[gx"]))%sinh[d (a+bLog[cx"])] dx

Derivation: Algebraic expansion and piecewise constant extraction

Basis: Sinh[d (a+bLog[z]) ]

Basis: Cosh[d (a+blLog[z])]

Rule:

Program code:

Int[(h_.*(e_.+f_.xLog[g_.*x_"m_.]))"q_.*Sinh[d_.x(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol] :

e2d (c x") -bd

zx-bdn

. 1 _-ad-,-bd, 1 _.ad
== 2 e Z + > e
1 _-ad--bd 1 _ad
=5 e Z + > e Z

Zbd

J(h (e+flLog[gx"]))%sinh[d (a+bLog[cx"])] dx —

Jx"’d" (h (e+fLog[gx"]))%ax+

e?d (c x")bd

2den

bed" (h (e+fLog[gx"]))*ax

-E~ (-axd) » (C*x*n) * (-bxd) / (2%Xx" (~bxdxn) ) xInt [x" (-b*d#n) « (h« (e+fxLog[g»x"m] ) ) *q,x] +
E” (a%d) * (Cxx"n) A (bxd) / (2%x” (bxdxn) ) +Int [x" (bxd#n) « (h« (e+fxLog[g*x m]))~q,x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n,q},x]

Int[(h_.%(e_.+f_.xLog[g_.*x_"m_.1))~q_.+Cosh[d_.x(a_.+b_.xLog[c_.*x_"n_.]1)],x_Symbol] :

EM (-axd) * (Cx¥x™n) ~ (-bxd) / (2%x”~ (-bxd*n) ) *Int [x" (-bxdxn) % (h* (e+-F*Log[g*x"m] ) )"q,x] +
E” (a%d) * (C¥x"n) ~ (bxd) / (2%x" (bxdxn) ) +Int [x" (bxd#n) « (h« (e+fxLog[g*x m]))~q,Xx] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n,q},x]

11



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

4: J(ix)r (h (e+fLog[gx"]))%sinh[d (a+bLog[cx"])] dx

Derivation: Algebraic expansion and piecewise constant extraction
Basis: Sinh[d (a+blog[z])] = -2 e 292"+ 2 e?d2°d
Basis: Cosh[d (a+blog[z])] = > e 929+ > 2920
Rule:

J.(ix)'" (h (e+flLog[gx"]))%sinh[d (a+bLog[cx"])] dx —

e?d (ix)r (c x")bd

2 xr+bd n

e2d (i x)'" (c x")'bd

_ — Jxr'bd" (h (e+fLog[gx"]))%dx+
2 xh-bdn

Jxr*bd" (h (e+flLog[gx"]))%dx

Program code:

Int[(i_.#x_)~r_.#(h_.*(e_.+f_.xLog[g_.*x_"m_.]))~q_.+Sinh[d_.x(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol] :
-E” (-axd) % (i*x) Arx (Cxx™n) ~ (-bxd) / (2xx” (r-bxd*n) ) *Int [x" (r-bxdxn) * (h* (e+f*Log [g*x"m] ) ) "q,x] +
E” (a%d) # (1#X) *rx (Cxx*n) A (bxd) / (2#X" (r+bxdxn) ) *Int [x" (r+bxd«n) « (h« (e+fxLog[g*x"m]))~q,x] /;
FreeQ[{a,b,c,d,e,f,g,h,i,m,n,q,r},x]

Int[(i_.#x_)~r_.x(h_.x(e_.+f_.xLog[g_.*x_"m_.]1))~q_.+Cosh[d_.x(a_.+b_.xLog[c_.*x_"n_.]1)],x_Symbol] :
E"(—a*d)*(i*x) Arx (CxxX™n) ~ (-bxd) / (2%x” (r-bxd*n) ) *xInt [X"(r‘—b*d*n)*(h* (e+-F*Log[g*x"m]))"q,x] +
E” (a%d) * (1#X) *rx (cxx™n) A (b#d) / (2#X" (r+bxdxn) ) +Int [x" (r+b*d«n) « (h« (e+fxLog[g*x"m]))~q,x] /;
FreeQ[{a,b,c,d,e,f,g,h,i,m,n,q,r},x]



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

2. Ju Tanh[d (a+bLog[cx"])]”dx
1. |Tanh[d (a+blLog[cx"])]"dx

1: [Tanh[d (a+bLog[x])]1Pdx

Derivation: Algebraic expansion

Basis: Tanh[z]P == Leett)?

o (1+e22)P

Basis: coth[z]p = (=)

- (l_ezz)P

Rule:

(_1+ezadxzbd)p
JTanh[d (a+blog[x])]Pdx — J dx

(1+e2adx2bd)P

Program code:

Int[Tanh[d_.*(a_.+b_.*xLog[x_])1”p_.,x_Symbol] :=
Int[ (-1+E” (2*axd) *x* (2xbxd) ) *p/ (1+E” (2*xaxd) *x” (2xbxd) ) *p,x] /;
FreeQ[{a,b,d,p},x]

Int[Coth[d_.x(a_.+b_.*xLog[x_])1”p_.,x_Symbol] :=
Int[ (-1-E~(2*axd) *x* (2xbxd) ) *p/ (1-E” (2*xaxd) *x” (2xbxd) ) *p,x] /;
FreeQ[{a,b,d,p},x]
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Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

2: [Tanh[d (a+blog[cx"])]"dx

Derivation: Piecewise constant extraction and integration by substitution

Basis:o,—— == 0
X(cxﬂlﬁ

Basis: ﬂcx—x]- =1 Subst[ixm-, X, €x"] 8, (cx")

X J-(cx")l/"Tanh[d (a+bLog[cx"])]P

(C Xn)l/n

fTanh[d (a+blLog[cx"])]Pdx — ,

X
S SubstUx”"'1 Tanh[d (a+bLog[x])]P dx, X, cx"]
n (c x")l/"

Int[Tanh[d_.*(a_.+b_.xLog[c_.*x_"n_.])]1"p_.,x_Symbol] :=
X/ (n* (C*x”n)~ (1/n) ) *Subst [Int [x*(1/n-1) *Tanh[d* (a+bxLog[x]) ]*p,X],X,C*x*n] /;
FreeQ[{a,b,c,d,n,p},x] & & (NeQ[c,1] || NeQ[n,1])

Int[Coth[d_.*(a_.+b_.xLog[c_.*x_"n_.])]1"p_.,x_Symbol] :=
X/ (n* (c*x”n)~ (1/n) ) *Subst [Int [x*(1/n-1) xCoth[d* (a+bxLog[x]) ]*p,X],X,C*Xx*n] /;
FreeQ[{a,b,c,d,n,p},x] & & (NeQ[c,1] || NeQ[n,1])

dx
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Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

2. J(ex)'“Tanh[d (a+blLog[cx"])]?ax

1: J(ex)mTanh[d (a+blog[x])]Pdx

Derivation: Algebraic expansion

Basis: Tanh[z]P == {=2xe2)”

(1+e?7)?

Basis: coth[z]p = (==

(1_ezz)P

Rule:

(_1+ezadxzbd)P
(ex)"Tanh[d (a+bLog[x])]Pdx — | (ex)" dx
(1+e2adx2bd)P

Program code:

Int[(e_.*x_)”m_.xTanh[d_.*(a_.+b_.xLog[x_])]1”p_.,x_Symbol] :=
Int[ (e*x)m* (-1+E”~ (2%xa*d) *x" (2+bxd) ) *p/ (1+E~ (2%a*d) *x” (2xbxd) ) *p,x] /;
FreeQ[{a,b,d,e,m,p},X]

Int[ (e_.*x_)”~m_.xCoth[d_.*(a_.+b_.xLog[x_])]1”p_.,x_Symbol] :=
Int[ (exx) Mm% (-1-E~ (2xa*d) xX~ (2xbxd) ) *p/ (1-E~ (2+axd) *x* (2xbxd) ) *p,x] /;
FreeQ[{a,b,d,e,m,p},x]



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

2: J(ex)"‘Tanh[d (a+blLog[cx"])]”dax

Derivation: Piecewise constant extraction and integration by substitution

Basis:o,—— == 0
X(cx")l/"

Basis: ﬂcx—x]- =1 Subst[ixm-, X, €x"] 8, (cx")

(e x)™1 J-(cx")("'”)/"Tanh[d (a+blLog[cx"])]”

(ex)"Tanh[d (a+bLog[cx"])]Pdx —
j [ ( [ ])] e (an)(m+1)/n

X

(e X) et (m+1) /n-1 p n
— W Subst [Jx Tanh[d (a+bLog[x])]"dx, x, cx ]
en (cx

Int[(e_.*x_)”m_.xTanh[d_.*(a_.+b_.xLog[c_.*x_"n_.])]1”p_.,x_Symbol] :=
(exx)~(m+1) / (exn* (cxx”*n)~ ( (m+1) /n) ) *Subst [Int [x* ((m+1) /n-1) *Tanh[d* (a+bxLog[x]) ]*p,X],X,C*x*n] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & (NeQ[c,1] || NeQ[n,1])

Int[ (e_.*x_)”~m_.xCoth[d_.*(a_.+b_.xLog[c_.*x_"n_.])]1”p_.,x_Symbol] :=
(exx)~(m+1) / (exn* (cxx”*n)~ ((m+1) /n) ) *Subst [Int [x* ((m+1) /n-1) xCoth[d* (a+bxLog[x]) ]*p,X],X,C*x*n] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & (NeQ[c,1] || NeQ[n,1])

dx
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Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

3. JuSech[d (a+blLog[cx"])]"dx
1. |Sech[d (a+blLog[cx"])]"dx
1. |Sech[d (a+blLog[x])]Pdx

1: [Sech[d (a+bLog[x])]1Pdx when pez

Derivation: Algebraic expansion
Basis: sech [d (a +b Log[x] ) ] - ze-—adx-_bd

Basis: csch [d (a+bLog[x])] = 2 e-2d xbd

1-g-22d x-2bd

Rule: If p € Z, then

x-bdp
JSech[d (a+bLlog[x])]Pdx — 2%'”"] dx
(1+e—2adx—2bd)P

Program code:

Int[Sech[d_.x(a_.+b_.*xLog[x_])1”p_.,x_Symbol] :=
27pxE” (-axdxp) *Int [X” (-bxdxp) / (1+E” (-2xaxd) *x” (-2xbxd) ) *p,x] /;
FreeQ[{a,b,d},x] &% IntegerQ[p]

Int[Csch[d_.x(a_.+b_.*xLog[x_])]1”p_.,x_Symbol] :=
27pxE” (-axdxp) *Int [X” (-bxdxp) / (1-E” (-2xaxd) *x” (-2xbxd) ) *p,x] /;
FreeQ[{a,b,d},x] &% IntegerQ[p]



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

2: |Sech[d (a+bLog[x])]Pdx whenp¢z

Derivation: Algebraic expansion and piecewise constant extraction

i P -2ad y-2bd\P
Basis: o, Sechld (asbLog[x]) 1" (1ve?2?x207)

x—bdp

BaS|S: 3, Csch[d (a+b Log[x])]P (1-e 224 x-2bd)P

x—bdp

Rule: If p ¢ Z, then

Sech[d (a+blog[x])]? (1+e

—ZadX—Zbd

X—bdp

jSech [d (a+bLog[x])]1°Pdx —
X—bdp

Program code:

Int[Sech[d_.*(a_.+b_.xLog[x_])1”p_.,Xx_Symbol] :=
Sech[d (a+bxLog[x]) ]p* (1+E~ (-2*axd) *x~ (-2xbxd) ) *p/Xx” (-bxd*p) *
Int [x” (-bxdxp) / (1+E~ (-2%a*d) *x” (-2xbxd) ) *p,x] /;
FreeQ[{a,b,d,p},x] && Not[IntegerQ[p]]

Int[Csch[d_.x(a_.+b_.xLog[x_])]1”p_.,x_Symbol] :=
Csch[dx (a+bxLog[x]) ]°p* (1-E~ (-2*axd) *x* (-2xbxd) ) *p/Xx” (-bxd*p) *
Int [x* (-bxdxp) / (1-E~ (-2%a*d) *xx” (-2xbxd) ) *p,x] /;
FreeQ[{a,b,d,p},x] && Not[IntegerQ[p]]

K
J(1+e

-Zde-Zbd

)P

dx



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

2: [sech[d (a+bLog[cx"])]"dx

Derivation: Piecewise constant extraction and integration by substitution

Basis:o,—— == 0
X(cxﬂlﬁ

Basis: ﬂcx—x]- =1 Subst[ixm-, X, €x"] 8, (cx")

X J-(cx")l/"Sech[d (a+blLog[cx"])]”

(C Xn)l/n

fSech[d (a+blLog[cx"])]Pdx — ,

X
—_ — SubstU‘xl/"‘1 Sech[d (a +bLog[x])]Pdx, X, ¢ x"]
n (c x")l/"

Int[Sech[d_.*(a_.+b_.xLog[c_.*x_"n_.])]1"p_.,x_Symbol] :=
X/ (n* (c*x”n)~ (1/n) ) *Subst [Int [x* (1/n-1) *Sech[d* (a+bxLog[x]) ]*p,X],X,C*x*n] /;
FreeQ[{a,b,c,d,n,p},x] & & (NeQ[c,1] || NeQ[n,1])

Int[Csch[d_.*(a_.+b_.xLog[c_.*x_"n_.])]1"p_.,x_Symbol] :=
X/ (n* (c*x”n)~ (1/n) ) *Subst [Int [x*(1/n-1) xCsch[d* (a+bxLog[x]) ]*p,X],X,C*Xx*n] /;
FreeQ[{a,b,c,d,n,p},x] & & (NeQ[c,1] || NeQ[n,1])

dx
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Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

2. J(ex)'“Sech[d (a+blLog[cx"])]?ax
1. J(ex)mSech[d (a+blog[x])1Pdx

1: J(ex)mSech[d (a+blLlog[x])1°dx when pez

Derivation: Algebraic expansion

Basis: sech[d (a+bLlog[x])] = —2=—X—

14+@-22d y-2bd

Basis: csch [d (a +b Log[x] ) ] L _2edxtd

-2ad y-2bd
1-e X

Rule: If p € Z, then

J(ex)"‘Sech[d (a+blLog[x])]1Pdx — 2pe'adpj

Program code:

Int[(e_.*x_)"m_.*Sech[d_.x(a_.+b_.xLog[x_])17p_.,x_Symbol] :=
27pxE” (-axd*p) *Int [ (exX) *mxXx” (-bxdxp) / (1+E~ (-2*a*d) *x” (-2xbxd) ) *p,x] /;
FreeQ[{a,b,d,e,m},x] & & IntegerQ[p]

Int[(e_.*x_)"m_.*Csch[d_.x(a_.+b_.xLog[x_])1”p_.,x_Symbol] :=
27pxE” (-axd*p) *Int [ (exX) *mxXx” (-bxdxp) / (1-E~ (-2*a*d) *x” (-2xbxd) ) *p,x] /;
FreeQ[{a,b,d,e,m},x] & & IntegerQ[p]

(ex)™xbdp

-2ad ,,-2bd Pdlx
(1+e X )

20



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

Z~ImeSuhw(a+bmgn]HPdXWan¢Z

Derivation: Algebraic expansion and piecewise constant extraction

i P -2ad y-2bd\P
Basis: o, Sechld (asbLog[x]) 1" (1ve?2?x207)

x—bdp

BaS|S: 3, Csch[d (a+b Log[x])]P (1-e 224 x-2bd)P

x—bdp

Rule: If p ¢ Z, then

Sech[d (a+blLog[x])]? (1+e

—Zadx—Zbd

(e

X)mx—bdp

~f(ex)m5ech[d(a-+bLog[x])]pdx —
X—bdp

Program code:

Int[(e_.*x_)”~m_.xSech[d_.*(a_.+b_.xLog[x_])]1”p_.,x_Symbol] :=
Sech[d (a+bxLog[x]) ]p* (1+E~ (-2*axd) *x~ (-2xbxd) ) *p/Xx” (-bxd*p) *
Int[ (e*xx)mxx” (-bxdxp) / (1+E” (-2xaxd) *x~ (-2xbxd) ) *p,x] /;
FreeQ[{a,b,d,e,m,p},x] && Not[IntegerQ[p]]

Int[(e_.*x_)"m_.*Csch[d_.x(a_.+b_.xLog[x_])1”p_.,x_Symbol] :=
Csch[dx (a+bxLog[x]) ]°p* (1-E~ (-2*axd) *x* (-2xbxd) ) *p/Xx” (-bxd*p) *
Int[ (exx) mxx” (-bxdxp) / (1-E~ (-2xaxd) *x~ (-2xbxd) ) *p,x] /;
FreeQ[{a,b,d,e,m,p},x] &% Not[IntegerQ[p]]

)P
Ji

l+e

-2adx-2bd

)P

dx



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

2: J(ex)"‘Sech[d (a+blLog[cx"])]”dax

Derivation: Piecewise constant extraction and integration by substitution

Basis:o,—— == 0
X(cx")l/"

Basis: ﬂcx—x]- =1 Subst[ixm-, X, €x"] 8, (cx")

(e x)™1 J-(cx")("“l)/" Sech[d (a+bLog[cx"])]"

(ex)"Sech[d (a+bLog[cx"])]Pdx —
j [ ( [ ])] e (an)(m+1)/n

X

(e X) et (m+1) /n-1 p n
— WSubst[Jx Sech[d (a+bLog[x])]Pdx, x, cx ]
en (cx

Int[ (e_.*x_)”~m_.xSech[d_.*(a_.+b_.xLog[c_.*x_"n_.])]1”p_.,x_Symbol] :=
(exx)~(m+1) / (exnx (cxx”*n)~ ((m+1) /n) ) *Subst [Int [x* ((m+1) /n-1) *Sech[d* (a+bxLog[x]) ]*p,X],X,C*x*n] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & (NeQ[c,1] || NeQ[n,1])

Int[(e_.*x_)”~m_.xCsch[d_.*(a_.+b_.xLog[c_.*x_"n_.])]1”p_.,x_Symbol] :=
(exx)~(m+1) / (exn* (cxx”*n)~ ((m+1) /n) ) *Subst [Int [x* ((m+1) /n-1) *Csch[d* (a+bxLog[x]) ]*p,X],X,C*x*n] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & (NeQ[c,1] || NeQ[n,1])

dx
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Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

Rules for integrands of the form u Hyper [a x" Log[b x]] Log[b x]

1. J-u Sinh[ax" Log[bx]] Log[bx] dx

1: JSinh[axLog[b x]] Log[b x] dx

Rule:

Cosh[ax Log[bx]]
jsinh[axLog[b x]] Log[bx] dx —

- jsinh[a x Log[bx]] dx
a

Program code:

Int[Sinh[a_.*x_xLog[b_.*x_]]1*Log[b_.*x_],x_Symbol] :=
Cosh[axxxLog[bxx]]/a - Int[Sinh[axxxLog[bx]1],x] /;
FreeQ[{a,b},x]

Int[Cosh[a_.*x_xLog[b_.*x_]]*Log[b_.*x_],x_Symbol] :=

Sinh[a*x*Log[b*x]]/a - Int[Cosh[axxxLog[bxx]],x] /;
FreeQ[{a,b},x]

23



Rules for integrands of the form u hyper(d (a+b log(c x~n)))"p

2: |x"sinh[ax"Log[bx]] Log[bx] dx when m=n-1

Rule:If m == n - 1, then

Cosh[ax"Log[bx] ]

Jx'" Sinh[ax" Log[bx]] Log[bx] dx —
an

Program code:

Int[x_"m_.xSinh[a_.*x_"n_.xLog[b_.xx_]]*Log[b_.*x_],x_Symbol] :=
Cosh[axx"nxLog[bxx]]/ (a*n) - 1/nxInt[x*mxSinh[asx"nxLog[b*x]],x] /;
FreeQ[{a,b,m,n},x] &% EqQ[m,n-1]

Int[x_~m_.xCosh[a_.*x_"n_.xLog[b_.*x_]]*Log[b_.*x_],x_Symbol] :=
Sinh[a*x"n*Log[b*x]]/(a*n) - 1/nxInt[x*"mxCosh[a*x"nxLog[bxx]],x] /;
FreeQ[{a,b,m,n},x] && EqQ[m,n-1]

1
n

Jx’“ Sinh[ax" Log[bx]] dx
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